A square matrix B is called a nonnegative matrix (written P^O) if each element of B is a nonnegative number. It is well known [l] that every nonnegative matrix B has a nonnegative characteristic root piB) (the Perron root of B) such that each characteristic root X of B satisfies |X| ^p(P).
A square matrix A is called an M-matrix if it has the form k-I -B, where B is a nonnegative matrix, k>piB), and / denotes the identity matrix. In case A is a real, square matrix with nonpositive off-diagonal elements, each of the following is a necessary and sufficient condition for A to be an M-matrix [4, p. 387] .
(1) Each principal minor of A is positive.
(2) A is nonsingular, and ^4_1^0. is an M-matrix, and c.y^a.y (*, j= 1, 2, • • • , w -1).
In [2] we generalized Lemma A by using certain principal minors in place of single elements of A. Here we prove a different generalization of Fan's lemma, contained in Theorem 1.
We denote the submatrix of a matrix A formed using rows i\ 
where Bij = Atj -AikAlkAkj. Then
The proof of the theorem depends on two lemmas. Lemma 1. Let P= (<<,) be an M-matrix of order n, with minimal characteristic root q(T). Let X be a number such that X < q(T). Then det(P-X/)>0. = XI"-i (w<-X). For each real oi,-, Wi^g(P)>X, so that «i-X>0. The complex factors w,-X occur in conjugate pairs whose product is positive. Thus det (P-X/)>0.
Lemma 2. Let S= (sij) be an M-matrix of order n, let \be a number such that 0<\<q(S), and let t be an integer such that 0^t<n. Then the determinant of the matrix obtained from S by subtracting X from each of the first t main diagonal elements Sn, s22, ■ ■ ■ , s(( is positive.
Proof. Let T be the matrix obtained from S by adding X to the main diagonal elements St+i.«+i> ■ " • i sn,n-Since X>0, T^S and the off-diagonal elements of T are nonpositive, so [4, p. 389] P is an Mmatrix and q(T)^q(S).
Thus, since X<a(P), Lemma 1 implies that det (P -XI) >0, which proves Lemma 2. As in [2] , the use of known lower bounds for the Perron root of D leads to bounds for p(B). Similarly, Theorem 1 gives new bounds for q(M), by applying known upper bounds for the minimal characteristic root of the Af-matrix <p(M).
Added in proof. The author has since discovered the fact that the matrix <piM) can also be constructed using the method in [2, Lemma 1].
